The fourth-order radiative correction to the slope at q'= 0 of the Dirac form factor of the free electron vertex is calculated using computer 
INTRODUCTION
The calculations and measurements of the Lamb shift have had a profound influence on the development of quantum electrodynamics.
The first measurements of the 2Si level displacement from the BP, level in hydrogen -2 % by Lamb and Retherford' stimulated the concept of mass renormalization and led Bethe to carry out the first finite calculation of the self-interaction of the electron with the quantized electromagnetic field. The relativistic theory that emerged has met all of its experimental challenges with great quantitative success? the agreement is better than 10 ppm for the hyperfine splitting of hydrogen and muonium and better than 0.1 ppm in the total magnetic moments of the electron and muon.
Ironically, the only tests of QED which show a serious disagreement Soto and, when added to the other contributions of Table II, Table II . The comparison of the revised theory with experiment is given in the last column of Tables Ia and Ib . The majority of the experimental results are within one 5 standard deviation of theory, leaving only one high precision measurement, which uses the non-atomic beam "bottle" method, in serious disagreement.
The one standard deviation error limits used in the comparison of theory and experiment were computed by combining the standard deviation experimental error assigned by Taylor et al! with one-third of the limit of error (L.E.) of the theoretical result.
DESCRIPTION OF THE CALCULATION
In principle, one must compute radiative corrections to atomic energy levels using bound state perturbation theory. Instead, for the terms of interest here, the oz2(Z,y)4m contribution, we can use the so-called scattering 12,14 approximation which is calculationally simpler. In this approach, one calculates the radiative corrections to the scattering of a free electron and then infers from this a modified interaction potential from which the level shifts can be calculated.
The matrix element of the electromagnetic current between two free electron states is given by 15
The modification of the Coulomb interaction due to Fl(q2) implies an energy shift 4 2 aE(n,j,Q = hQo 4(zol) mc m2 aFl(s2) n3 as2 q2=o 
is positive for all h2. Insertion of (3.1) is effectively a sum over various h2 Insertion of (3.1) is effectively a sum over various h2 where
(3.7)
It should be emphasized that great care must be used in extracting 2 23 Zf to keep all terms in h .
The method of calculation is similar to that for the graph with vacuum polarization insertion.
The second order contribution to F;(O) with one fermion propagator replaced by 
(3 .lO) h
The result for our calculations is shown in Figure II . As seen in Figure II , apart from an overall sign, excellent agreement is obtained.
The common feature that the actual dependence of the integrals pulls appreciably away from the asymptotic formula even at A2 as small as low3 m2 reflects the fact that Fq. (3.9) is a negative function of A2 for all positive A2 and does not cross the axis as the extrapolated asymptotic formulas do.
IV. THE CORNER GRAPH
In calculating the contributions from the graphs with vacuum polarization and fermion self-energy insertions, we followed the procedure of first calculating the renormalized amplitudes for the subgraphs, inserting their spectral integral representations into the second order vertex graphs and then doing the over-all renormalization subtractions.
It is also possible to use a similar procedure 12 for the corner graph of Figure Ib (and the ladder graph to be treated in the next section).
However, the integral representation for the renormalized vertex subgraph is much more complicated than that for self-energy graphs, requiring in general a dispersion representation in the three off-shell variables. We have used instead a different approach which is simpler, at least when the computer is used for the algebraic reduction and numerical evaluation of the integrals. It will be helpful to first outline the method and then present it in detail. We first combine all the denominators of the unrenormalized amplitudes and project out the Dirac form factor F1. The internal momentum integrations are then done and the result is expressed as a five dimensional integration over -llparameters. The ultraviolet divergences corresponding to the vertex subgraph and to the graph as a whole will, of course, still be present in the parametric integral.
The subtraction necessary to remove the internal logarithmic divergence is implemented by recomputing this expression with the vertex subgraph computed with the external momenta which flow through it constrained to the 'mass shell, again combining all six denominators first. The integrands are then subtracted and the resulting five dimensional integral will contain only the overall divergence, which is subtracted automatically at q2= 0 when we compute F;(O). Once the difference of integrands is differentiated with respect to q2 and q2 is set equal to zero, the result (for h2 > 0) is a convergent five dimensional integral for Fi (0) which we can evaluate numerically by computer.
We shall describe several checks on the calculations of Fl'(0) including the evaluation of corner and crossed graph contributions to F2(0).
The unrenormalized amplitude for the corner graph is
The factor of two is included for the mirror graph.
We can automatically determine the contribution to the form factors The dependence on the ultraviolet cutoff A2 is eliminated because of the overall subtraction at q2= 0, and we can in fact replace
These substitutions can also be readily done by REDUCEl' yielding the reduction of the matrix element to an integrand for parametric integration (in the form of a punched deck in Fortran form).
The program which produces the integrand for As the graphical the corner graph is shown in Figure 3 .
an alternate method to the above and as a check we have also used Soto is shown in Figure 5 . After correcting for the sign discrepancy the two curves become parallel in the asymptotic (h-0) region rather than joining.
The expectation that the sum of corner plus self-energy contributions are finite for A -0 is confirmed in Figure 6 .
In order to determine the constant term in the corner graph contri-2 -2 bution, we have constrained the coefficients of the log h and log h -2 terms to be the negative of Soto's and performed several types of least-square fits to the results of the numerical integration using lrbackgroundfl terms multiplying fl, ,/?log,z and h210gh2. The resulting constant term from the corner graph, shown in Figure 1 , column 2, differs substantially from the constant term in Soto's expression. A consistent value for the sum of self-energy and corner contributions for h2 -0 can be obtained directly from Figure 6 without any detailed curve fitting or knowledge of the infrared divergent behavior of the individual contributions.
As another check on the calculation we have also calculated the corner graph contribution using intermediate renormalization. The calculation of the crossed ladder contribution is quite easy since there is no internal ultraviolet divergence. The method of the previous section can again be used except that for this graph, no internal renormalization subtraction need be made. The result is shown in Figure 8 and again, apart from an overall signagreement is found with the log h -2 term in Soto's expression. However, as shown in Figure 1 , we disagree slightly with Soto in the finite (non-infrared) term. We have also calculated the contribution of this graph to F2(0) and have againfound excellentagreementwithPetermann's result.
The calculation of the ladder graph contribution is nearly identical to that of the corner graph. The internal vertex subtraction is carried out in the same way and in this case we find complete agreement with (the negative of) Soto's result. The comparison is shown in Figure 9 . The sum of ladder plus crossed graph contributions is shown in Figure 10 .
VI o CONCLUSION
The total contribution to the slope of the Dirac form factor in fourth order is given in Eq. (2 o It can be seen quite easily that the slope of the Dirac form factor in order a2 will be convergent in the infrared by using the well-known result of Yennie, Frautschi and Suura (Ann. of Phys. 13, 379 (1961) ) that the logarithmic dependence on the photon mass can be regrouped into a multiplicative exponential factor. A careful analysis shows that the renormalized vertex where B contains all the logarithmic dependence on the photon mass and d2) and d4) are finite when the photon ruass is set equal to zero. Sine e P P both B and the Fl part of n,-l vanish like q2 when q2-+ 0, we see that the fourthorder P)
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